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Abstract

Motivated by a decades-long controversy related to the crystal structure of Pb-supersaturated solid solutions
of Pb in Sn, we have performed a quantum-mechanical study of these materials. Focusing on both
body-centred-tetragonal 3-Sn and simple-hexagonal y-Sn structures, we have computed properties of two
alloys with the chemical composition PbsSnai, i.e. 31.25 at. % Pb, which is close to the composition of the
experimentally found alloy (30 at. % Pb). The 16-atom computational supercells were designed as multiples
of the elemental B- and y-Sn unit cells, where the Pb atoms were distributed according to the special quasi-
random structure (SQS) concept. Full structural relaxations of both B- and y-phase-based alloys resulted in
very significant re-arrangements into structures which do not exhibit any apparent structural features typical
for the original alloys, and are, therefore, difficult to classify. The formation energies of the - and y-phase-
originating equilibrium phases are 50 meV/atom and 53 meV/atom, respectively. Therefore, they are not stable
with respect to the decomposition into the elemental lead and tin. Moreover, our calculations of elastic
constants of both phases revealed that they are close to mechanical instability. Our results indicate that the
studied Pb-supersaturated Pb-Sn solid solutions may be prone to structural instability, transformations into
different phases and decomposition. Our findings may contribute into the identification of the reason why the
subsequent experimental studies did not reproduce the initial published data.
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1. INTRODUCTION

The tin-rich Sn-Pb alloys have been used for centuries for numerous products, such as organ pipes [1] or
jewellery. More recent industrial applications are represented by, for example, food cans as well as a broad
range of electrical-engineering products containing Pb-Sn solders. While currently banned due to their Pb
content [2], Pb-Sn alloys are still important when addressing the issue of millions of tons of electrical-
engineering waste.

An original motivation for our study was a decades-long controversy associated with the crystal structure of
Pb-supersaturated solid solutions of Pb in Sn. This fundamental basic-science issue is crucial for non-
equilibrium states in Pb-supersaturated Pb-Sn alloys when decomposing into Pb-rich and Sn-rich phases [3].
The decomposition is the consequence of a low solubility of lead in tin. In particular, the solubility is negligible
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in the low-temperature a-Sn, see Figure 1(a,b), and only up to 1.3 at. % [3] in the room-temperature tetragonal
body-centred B-phase, see Figure 1(c), exhibiting also a strong dependence on the temperature [4,5].
Regarding the atomic-scale decomposition processes, they are active at room temperature as well as at yet
lower temperatures because the melting temperature of tin is relatively low.

The above-mentioned controversy is related to a few older experimental papers reporting the existence of (i)
a simple-hexagonal (so-called y-phase) Sn-rich Pb-Sn alloys with Pb concentration as high as 26 at. %, see,
e.g., Ref. [6], which was not found in subsequent studies [7], or (ii) a Pb-supersaturated p-phase Pb-Sn alloys
with the Pb concentrations within a range of 5-30 at. % Pb, see Ref. [8]. We made several attempts to
synthesize these Pb-supersaturated alloys of Sn following the steps, which were published in Ref. [3], but
neither the y-phase nor 3-phase Pb-supersaturated Pb-Sn alloys were obtained. Therefore, we have applied
theoretical (quantum-mechanical) methods to shed light on the stability of Pb-supersaturated Pb-Sn alloys.

2. COMPUTATIONAL METHODOLOGY

Our quantum-mechanical calculations were performed employing the Vienna Ab initio Simulation package
(VASP) [9,10] within the density functional theory (DFT) [11,12] using projector augmented wave (PAW)
[13,14] pseudopotentials (in particular, Ni_pv, Mn_pv and Sn_d versions from the potpaw_PBE.52 VASP
database). The exchange-correlation energy was parametrized within the generalized gradient approximation
(GGA) by Perdew, Burke and Ernzerhof (PBE’96) [15]. The plane-wave energy cut-off was set to 500 eV. We
applied the Methfessel-Paxton smearing scheme of order 1 with the smearing parameter set to 0.1.

3. RESULTS

Building upon our previous results related to properties of the a- and 3-phase Sn [16], we have newly studied
structural, elastic and thermodynamic properties of two polymorphic variants of the Pb-supersaturated Pb-Sn
alloys; one based on the B- and the other on the y-phase of Sn. As the authors of Ref. [8] reported Pb
concentrations as high as 30 at. %, we employed 16-atom supercells (see below) with five Pb atoms inside,
i.e. the Pb concentration of 31.25 at. %.
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Figure 1 Simplified visualizations of computational cells used in our study: (a) the a-phase Sn modelled as
an 8-atom diamond-structure cell, which can be described as well by a 4-atom body-centred tetragonal cell
(see the red dotted lines), (b) the smaller 4-atom cell of the a-Sn, (c) the B-phase (which can be obtained by
changes of the c/a ratio and volume from the cell shown in part (b), and finally (d) the 1-atom simple
hexagonal unit cell of the y-Sn. Note that some atoms are shown together with their periodic images. The
tetrahedral structural unit is marked by green lines and shows the internal distribution of atoms.

The computed concentration is as close to 30 at. % reported in Ref. [8] as is possible employing the 16-atom
supercell. The Pb atoms were distributed according to the special quasi-random structure (SQS) approach



2023
NANOCON® October 18 - 20, 2023, Brno, Czech Republic, EU

[17]. The SQS supercells are designed to optimally model an ideally disordered solid solution under constraints
imposed by the periodically repeated supercells. The SQS supercells were generated by the Universal
Structure Predictor: Evolutionary Xtallography (USPEX) software package [18-20]. The 16-atom computational
cell of the B-phase was initially designed as a 1x2x2 multiple of the 4-atom cell shown in Figure 1(c), and the
16-atom cell of the y-phase was initially designed as a 4x2x2 multiple of the 1-atom cell shown in Figure 1(d).

We focused on the structural instabilities of some of the Pb-supersaturated Pb-Sn alloys. As the first example,
we have performed structural relaxations in PbsSniz solid solution of the B-phase type modelled by a 16-atom
supercell with a random distribution of Pb atoms. The computational cell, see Figures 2(a,b), underwent a full
relaxation when the internal atomic positions as well as the computational cell shape and volume were
changed to minimize the energy. During the process of energy minimization, the components of the stress
tensor as well as the forces acting upon atoms were significantly reduced, too, as the former are responsible
for cell shape changes while the latter for the internal re-arrangement of atoms. Importantly, a significant
internal restructuring has occurred, as visible in the comparison of Figures 2(a,b) with Figures 2(c,d). The
final structure in Figures 2(c,d) is difficult to crystallographically categorize as it does not have typical structural
characteristics of any of the common Sn phases (a, B or y), and the distribution of Pb and Sn atoms is also
lowering the symmetry as another factor complicating the analysis.

In order to address the thermodynamic stability of the studied phases, we evaluated their formation energy
AE;. Its mathematical expression for a general PbxSny binary alloy is as follows:

(E(PbySn,) —x x E(Pb) — y * E(Sn))
x+y

AEf(PbySn,) =

where we used the static-lattice energy E(PbXSny) of the PbxSny alloy and energies of constituting pure
elements in their ground-state structures, in particular, E(Pb) for the face-centred-cubic (fcc) Pb and E(Sn) for
the diamond-structure a-Sn. The computed formation energy is equal to 0.050 meV/atom.
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Figure 2 The B-phase-based PbsSnii solid solution modelled by a 16-atom supercell: (a,b) initial structure,
(c,d) strongly re-arranged structure due to the energy minimization process. The grey (green) spheres
correspond to Sn (Pb) atoms.
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Figure 3 The y-phase-based PbsSni1 solid solution modelled by a 16-atom supercell: (a,b) initial structure,
(c,d) strongly re-arranged structure due to the energy minimization process. The gray (green) spheres
correspond to Sn (Pb) atoms.

Another example of very significant internal relaxations is the PbsSni1 solid solution of the y-phase type.
Here, the original supercell, see Figures 3(a,b), contained again 16 atoms, and the full relaxation resulted in
another phase, see Figures 3(c,d), which is again very difficult to identify.

The computed formation energy is equal to and 0.053 meV/atom. Therefore, this structure, as well as the
previous one, is unstable regarding the decomposition into the elemental end-members, lead and tin.

In order to examine the mechanical stability and elastic properties of both studied polymorphs, we have
determined a full tensor of their elastic constants using the stress-strain method [21], and we present the
computed elastic constants (in GPa) as 6x6 matrices including their eigenvalues:

Elastic constants of the phase in Figures 2(c,d): Elastic constants of the phase in Figures 3(c,d):
46 43 39 0 0 0 64 40 21 -1 -1 3
43 58 30 0 0 -1 40 62 31 0 0 0
39 30 57 0 -1 -1 21 31 72 1 2 -8
0 0 0 5 0 0 -1 0 1 9 -3 -1
0 0 -1 0 18 0 -1 0 2 -3 5 0
0 -1 -1 0 0 17 3 0 -8 -1 0 13
Eigenvalues: 4, 5, 17, 18, 28, 129 (in GPa) Eigenvalues: 3, 10, 12, 21, 51, 128 (in GPa)

An expected error-bar of our calculated elastic constants is a few GPa, and all eigenvalues of the elastic
stiffness matrices are positive for both studied states. However, the lowest eigenvalues are very close to zero,
indicating that both systems are very close to mechanical instability, as a system is mechanically stable if all
eigenvalues of the 6x6 matrix of elastic constants are positive.
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The directional dependencies of single-crystal Young’s moduli of the analysed phases are shown in Figure 4
and they exhibit a very strong elastic anisotropy with the Young’s modulus along several crystallographic
directions being significantly higher (elastically stiff directions) than in along others (elastically soft directions).
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Figure 4 Directional dependencies of single-crystal Young’s moduli of the phases shown in Figures 2(c,d)
(on the left) and in Figures 3(c,d) (on the right). The dependences are visualized by the MELASA software
[22] (https://melasa.cerit.sc.cz/) using the computed single-crystal elastic constants.

We assume that the structures found in our calculations are very likely only local minima and the process of
transformations and decomposition will continue. The apparent structural instability can be the reason why the
initially published findings [6,8] could not be reproduced by the subsequent studies, e.g. Ref. [7], see also our
paper [23].

4. CONCLUSION

We have performed a quantum-mechanical study of Pb-supersaturated Pb-Sn solid solutions as materials
associated with a decades-long controversy related to their crystal structure. We aimed at alloys with body-
centred-tetragonal B-Sn structure and simple-hexagonal y-Sn structure with a specific chemical composition
PbsSnus, i.e. 31.25 at. % Pb, which is very close to the reported experimental value of 30 at. % Pb. In order to
mimic an expected disorder in these alloys, the Pb atoms were distributed according to the special quasi-
random structure (SQS) concept. We have performed so-called full structural relaxation of both - and y-phase
alloys when the atomic positions, the supercell shape as well as its volume are changed to minimize the
energy. The relaxations resulted in significant atomic re-arrangements providing unidentified structures that
do not exhibit structural features typical for any allotrope of Pb-Sn alloys. The thermodynamic stability of the
studied alloys (after the full relation) was assessed by computing the formation energies. The formation
energies equal 50 meV/atom and 53 meV/atom for the - and y-phase-originating structure, respectively. The
studied phases are, therefore, unstable with respect to the decomposition into the elemental lead and tin.

Further, we also computed the elastic constants of both phases, and our analysis of the values revealed that
both phases are mechanically stable but close to mechanical instability. Our results indicate that the studied
Pb-supersaturated Pb-Sn solid solutions may be prone to structural instability, transformations into different
crystallographic phases and decomposition. Our findings can explain why subsequent experimental studies
could not reproduce the preceding reported results.
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