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Abstract

The more complex a production process is, the more difficult it is to estimate accurately the production tasks
times. The Project Evaluation and Review Technique (PERT) is one of the most frequently used methods for
evaluating the project lead times (also sets of production tasks). Various variants of the method are used
depending on the estimation accuracy degree and available computing power. The basic method for
determination of the critical path duration is called the classical PERT method. One of its best advantages is
a relatively low-level calculation complexity. The disadvantage, on the other hand, is a relatively low estimation
accuracy resulting from many generalizations. The literature on the subject matter describes two group of
algorithms used to improve the critical path duration estimates relative to the classical PERT method. The first
group refers to the estimation improvement of variance and standard deviation of random variables that define
the tasks times. The other group focuses on the fit improvement of the probability distribution of random
variable. Each method has its advantages resulting from the better accuracy in comparison with the classical
PERT, but the calculation complexity grows along with the increasing estimation accuracy.

The paper aims at developing the estimation method for the critical path duration based on a modified PERT
method. The presented method of determining the cumulative execution time of the sets of tasks accounts for
skewness of empirical distributions which frequently occurs in the processes. The studies verifying the
method’s soundness have been made. The results have been compared with the values obtained with the use
of the classical method. Then, the lead times have been determined with the use of the developed method for
a real production facility.
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1. INTRODUCTION

In the analysis of complex production systems, the most frequently used graph theory models are Critical Path
Method (CPM) and Project Evaluation and Review Technique (PERT). The classical network analyses
methods cover the time planning area. In business units, the economic aspect is equally important, so CPM-
COST and PERT-COST are often used to consider the technical possibilities of project time shortening with
simultaneous tasks cost reduction [1]. These four network types allow examining the project of undetermined
logical structure. The PERT and PERT-COST methods account for probabilistic character of individual events
(tasks) by using PERT or beta-PERT. The final result is a single-variant determination of network of
relationships between individual tasks. The earliest and latest times of individual events and time reserve
between individual processing stages are determined in each case [2]. These methods are helpful in
determining the schedule of individual tasks in a project comprising many stages independent of each other.
The main goal is to establish the critical path which determines the cumulative project lead time. In case
of complex production systems, in which at a given Af there are two critical paths independent of each other,
it is difficult to determine the total project lead time because it is absolutely dependent on random time values
in individual routes. An indisputable advantage of these methods is that they can be used for systems parallel
in series in which technologically identical production times may have different durations. One of the main
limitations are complex algorithms for determination of cumulative time values for cases in which we wish to
obtain a high accuracy of model calculations relative to real systems. Using the classical methods with lower
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calculation complexity yields correspondingly less accurate results. This is sufficientin many cases. There are,
however, business areas where the network analyses should be used because of their advantages, but the
classical method is not sufficiently accurate due to numerous generalizations. Therefore, the literature on the
network analyses includes many solutions to improve the weaknesses. There are two basic groups: 1) evaluate
the variance or standard deviation of individual tasks more accurately; and 2) evaluate the probability in
individual nodes more accurately [3]. Each attempt to improve the accuracy of network analyses relative to the
classical approach is connected with the increase of calculations complexity. This in turn makes the improved
method unsuitable for cases where the precise accuracy is not required. The research on improving the
evaluation accuracy of cumulative critical paths times is continuing.

The paper intends to develop an algorithm for determining the cumulative project duration according to the
PERT method taking into account various skewness values of individual tasks. The developed algorithm is an
attempt to modify the classical PERT method which scales the expected value of a single task using the
skewness contribution parameter. The skewness contribution parameter is determined based on the percent
share of skewness of an individual distribution relative to all skewness values of the critical path. The proposed
method does not increase significantly the level of complication and calculation complexity relative to the
classical PERT method, but is its more accurate alternative.

2, DESCRIPTION OF THE PERT METHOD AND PERT AND BETA-PERT DISTRIBUTIONS

The PERT and beta-PERT distributions belong to the family of continuous probability distributions and are
a transformation of the beta distribution. The transformation involves rescaling the random variable carrier from
interval [0,1] to interval [a,c] when: a<c [4]. Value a is the minimum and c¢ is the maximum of the random
variable distribution. The PERT and beta-PERT distributions also have the shape parameter k. In the PERT
distribution, the parameter is precisely defined - it always equals four (k=4). Consequently, the PERT
distribution is defined by three parameters: a - minimum distribution value, b - modal distribution value, c -
maximum distribution value. And the beta-PERT is defined by four parameters: a, b, ¢, k, for k>4. Then, the
expected value of random variable conforming to the PERT distribution is the weighted mean of the minimum
and maximum value and with the quadruple weight of the most probable value [5]. Hence:

g o at4bte

1
i 5 (1)

On the other hand, in the beta-PERT distribution the expected value is determined according to the formula:

g _atkbtc

i (2)
k+2

where: Et; - expected value of random variable t; conforming to the PERT distribution; a - minimum distribution

value, ¢ - maximum distribution value, b - modal distribution value of random variable t; k, - modal value

multiplicity (for PERT always k=4).

Many literature items use the approximations with the PERT distribution for empirical data that have more than
four multiplicities. This is a significant simplification, however in majority of cases is considered sufficiently
accurate. Note, however, that the use of the PERT distribution is more accurate when the multiplicity of
occurrence of the most probable value equals 4. A modification of the PERT distribution with any modal value
multiplicity greater than four has been applied in the beta-PERT distribution, allowing the tasks durations to be
determined with a higher accuracy. However, due to the level of difficulty and complex calculations, the beta-
PERT distribution is not widely used. Figure 1 presents the distribution comparison diagrams: PERT with
triangular, and beta-PERT with triangular.
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Figure 1 Distribution comparison: PERT with triangle and beta-PERT with PERT
There are three often used methods of matching (estimation) of distribution parameters: a, b, ¢ and k for a
simple sample (e.g. set of production tasks completion times determined by timekeeping:
1) reading the values directly from the dataset, i.e.: a=min, c=max, etc.;
2) determining the parameters a, l; ¢ and lg using the method of moments;
3) determining the parameters a, Z; ¢ and lg using the maximum likelihood method.
Various estimation methods for distribution parameters are used depending on the required degree of accuracy

and available computing power.

The estimation of determination of optimum parameters a, b, ¢ and k for the cases discussed in the paper
has been carried out using the maximum likelihood method. Finally, after many rearrangements, we obtained:

° optimal parameters for the PERT distribution:
G=1+24, -5—54- A" +7
b=i—A -s (3)
E=1+2A4,-5+54- A +7
° optimal parameters for the beta-PERT distribution:
G=T+24 -s—s|4-47+(k+3)
h= —k —A s
4 :
- hoa?+i+3) 4)
c=t+24 -s+s-\4-A4" +\k+3
o 9647 ~63K, +147 + J6442(14447 - 63(K, — 1))+ 343K, + 441
- 14(K, —3)

where: & and [ - distribution parameters determined by formulas [6]:
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b—a
a=1+ k( j (5)
c—a
c—b
pg=1+ k( j (6)
c—a
and
R .
t=—)>1
° average from the sample determined according to: ] (7)
s= |2~ 1)
° standard deviation from the sample determined according to: = (8)
1< -
- (ti - t)3
_ g
As - |z 3
NN
° skewness from the sample determined according to: i (9)
1 _
; Z(ti - t)4
K, = =l T3
f 1 _
- (ti - t)z
° kurtosis from the sample determined according to: = (10)

The necessary condition in case of using the PERT and beta-PERT distributions to describe the task durations

on a single machine is that the following assumptions are met:
° ratio of skewness from the empirical sample must be in the interval *:

for PERT distribution:
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for beta-PERT distribution:

M~E—\/(4—k)2~(t_}2+20(k+3) 3("2_4)-

2 K S

+\/(4—k)2-(i

j2+20(k+3)

A e ;
10

* determined skewness interval limits result from the distribution properties;

° relationship between the distribution parameters: O<a<b<c :
° kurtosis from the empirical sample Ks>0 :
o number of manufactured semi-finished products: * = [6’30].
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It is possible to use a distribution for the sample size greater than 30, however, due to the calculation
complexity, in practice e.g. a Gauss distribution is used when the conditions for its application are met [7].

The PERT method involves the time estimation according to the expected value of the PERT distribution as
per the formula (1) (either (2) for greater accuracy of calculations). The variance is determined in accordance
with the formula:

2
D% = C“’J 16
2 [ 5 (16)

where: sz[ - variance of a single random variable #;; a and ¢ - estimated minimum and maximum values

of the PERT distribution, respectively.

Knowing that the times of individual production tasks are independent of one another, the standard deviation
of cumulative production times will be calculated according to the classical PERT method. Hence:

(17)

where: DT - standard deviation of random variable 7"; T - random variable defining the cumulative duration
of all tasks on the critical path; @, and ¢, - estimated minimum and maximum values of PERT distribution of

a single random variable ¢, for i =1,2,...,n, where 7 is the maximum number of tasks on the critical path.

Using the linearity property of the expected value of independent random variables ¢, for i =1,2,...,n, the

ET can be calculated according to the formula:
ET =Y E(t) (18)
i=1

where: ET - expected value of random variable 7', which defines the cumulative value of the most probable
duration of production tasks on the critical path ( E7T" defines the lead time of an order or production, depending
on the assumptions).

3. ALGORITHM FOR EXPECTED VALUE DETERMINATION ACCOUNTING FOR SKEWNESS

In majority of cases, the histograms of production tasks durations are right-skewed distributions. In such
distributions, a significant portion of the probability mass is concentrated on the left-hand side of the plot. The
classical PERT method does not account for this aspect. Hence, the proposition to develop an algorithm for
estimating the cumulative value of the expected duration of the critical path tasks which will include the
influences of the existing skewness values. The developed algorithm consists of five calculation steps. Before
the calculations, the data on production tasks durations are collected by means of timekeeping. Hence, for the

resultant simple sample of independent random variables ¢,, for i =1,2,...,n, where: ¢, - random variable

defining the task duration on the ith production facility; #n - number of facilities performing the production
processes on the critical path. Then:

Vi=12.,n t~F (19)

where each random variable ¢, is defined by the distribution of the cumulative distribution function F;.
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The approximation of production times is correct if ¥ i =1,2,...,n the following conditions are met:

° the distribution carrier is limited with the values: minimum - 4 , maximum - Ci ; in addition: 4; < ¢ ;

o for the simple sample of distribution L the mode multiplicity b =4 and % <b <q :

When these conditions are met, V i =1,2,...,n the random variable ¢, can be approximated using the PERT

A

distributions with parameters a,, b,, él. - system of equations (3).

The calculation methodology according to the proposed algorithm (five successive steps) is presented below.

Step 1 - determine the expected value E(ti) of variable ¢, defining the task duration on a single facility

(machine).

Vi=12,...,n:

Vo dtAh+G (20)

A

where: E(ti) - expected value of random variable ¢,, a,, b,, ¢, - optimal values, respectively: minimum,

i i’

modal and maximum.

Step 2 - determine the skewness of random variable ¢,
Vi=12,..,n:

AS(t.)zz(ﬂi_ai)\/ai-i-lBi-i_l 1)
V(e + B2+ B

where: As(ti) - skewness of random variable ¢,; «;, B - shape and scale parameters of the probability

density function of random variable 7, determined according to the formulas: (5) and (6).

Step 3 - determine the weights W, , ) of proportional skewness contribution A (tl.)

Vi=12,...,n such that As(tl.)i 0 determined is the weight ¥, () of skewness A (t) according to the

1

formula:
v, - 14

)= &
2.)45(6)
i=1

where: W, () - weight of skewness contribution for random variable 7 A (tl.) - skewness of variable 7.

(22)

The weights ¥, () are determined only for non-zero AS(tl.), i.e. the distribution of random variable ¢, is

asymmetrical (left- or right-skewed).
Step 4 - determine the parameter PAS(t) scaling the contribution of expected value E(tl.)
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Vi=12,...,n such that AS(ti);t 0 determined is the scaling parameter PAS(I_) of expected value E(t[)

according to the formula:

—A =W,y em (23)

where: m =n—1[ for [ defining the number of random variables whose A (tl.): 0; P, ) scaling parameter

for contribution of expected value E(tl.).

If for a facility i, skewness A (t,-) =0, then PAS )~ 1

Step 5 - determine the cumulative expected value ET for the critical path

In the classical PERT method, for the determination of the cumulative duration of tasks on the critical path -
formula (18) it was assumed that the number of individual 7, is so great that the central limit theorem of the
sum of mean production tasks times can be used. This assumption was used in the algorithm proposed by the
authors, and in addition the skewness of individual variables 7, was accounted for. In formula (18), the
parameters scaling the expected value E(ti) are equal to one (that is PAS )= 1). In the proposed method,

the cumulative expected value of the critical path is determined according to:
ET=YP, . E) (24)
i=l1

where: ET - cumulative value of the critical path; PAS(t_) - scaling parameter for contribution of expected value

E(t).

The classical PERT method is based on assumptions that are not always met. The knowledge of exact
distribution of task times in the network of events allows avoiding many errors and estimating the task times
with a better accuracy. The application of more accurate PERT methods causes some calculation difficulties
resulting from the relationships between random variables.

4, CONCLUSION

The paper presents an algorithm for determination of the expected value of cumulative production task times
based on the modified classical PERT method. The proposed algorithm is used to determine E7 taking into
account the scaling parameters PAS(,) of empirical skewness of individual random variables ¢;. The scaling

parameters P, () were determined taking into account IV, (. that is the weight contribution of skewness
A(2,) of individual ¢, ~ PERT(a;,b,.c;).

The purpose of the developed algorithm is to improve the estimation of the expected critical path lead time.
Please note that the time estimate obtained with the use of PERT method is correct when the network contains
only one dominating critical path. When the dominating critical path is not there, the task completion times are
underestimated. The proposed algorithm should be subject to a detailed validation in order to verify its
effectiveness in practice. The verification of correctness should account for the demand seasonality and
variability as well as for the product range variations that occur in the studied class of production systems. The
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obtained results should form a basis to develop a tasks scheduling model for the studied class of convergent
production systems.
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